Introduction
A motor has two major sub-systems: a rotating rotor and a nonrotating stator. Widely used squirrel cage induction machines ͓1,2͔ exhibit great utility for variable speed systems and are simple, rugged, and inexpensive. Mounted ͑in slots͒ on the shaft of a squirrel cage rotor are solid conductive bars that extend axially and connect to end rings. Steel laminations beneath the rotor bars route magnetic flux through the rotor. In large machines, copper alloy rotor bars are driven into the rotor slots and brazed to the end rings. Rotors of up to 50 cm diameter usually have diecast aluminum bars. The core laminations are stacked in a mold, which is then filled with molten aluminum. In this single economical process, the rotor bars, end rings, and cooling fan blades are cast simultaneously ͓3͔.
Figure 1 depicts a squirrel cage induction motor. A substantial literature modeling induction motors employs Park's ͓4͔ tworeaction theory, which accounts for magneto-mechanical energy transduction via multi-port inductances. From Park's model, Ghosh and Bhadra ͓5͔ formulated the bond graph in Fig. 2 . Although this bond graph accurately represents Park's ͓4͔ equations, the bond graph elements in Fig. 2 are only implicitly linked to the real physical components in a motor. In addition, only the electrical and mechanical energy domains are present. Magnetic effects are only implicit in the pair of 2-port inductances, which lack magnetic losses, and flux return effects such as flux leakage. We altered Ghosh and Bhadra's bond graph to partition and make explicit the electrical, magnetic, and mechanical energy domains; to form a one-to-one correspondence between physical components in the machine, and elements in the bond graph, and to append additional elements to the bond graph to make it more consistent with real induction motors.
When energized by an AC supply voltage, the stator coils form a radial magnetic field vector that rotates within the stator, about its central axis. The stator magnetic field passes through the squirrel cage rotor, including the conductive rotor bars. This time varying field induces a voltage over the rotor bars. Resulting bar currents flow in the sequence: bar→end ring→opposite side bar→opposite end ring→original bar. Induced by this time varying current loop is a secondary magnetic field which attempts to align with the stator field. However, because this rotor field was induced by the rotating stator field, the rotor field, and hence the rotor, follows the stator field. This is motor action ͓6͔. The induction motor speed depends on the speed of the rotating stator field.
The Equivalence of Three-Phase and Two-Phase Systems
The real system we will consider is a two pole, ''Y'' connected three phase squirrel cage induction motor. In references ͓5,7,8͔, a multi-phase induction motor was modeled with an equivalent twoaxis representation. Each phase winding generates its own magnetic field, which can be represented as a vector aligned along the axis of the winding. The sum of these phase vectors produces a phasor vector. If the phase vectors vary properly with time, the phasor rotates.
A transformation from three phases (a,b,c) to two phases ͑␣,␤͒ was represented in reference ͓8͔ in matrix form. If the ''a'' and ''␣'' phase windings are coaxial, the induced Magneto Motive Forces ͑MMF͒ of the a and ␣ phases of the three and twophase systems are codirectional. By appropriate changes to the two-phase currents, the magnitude of the phasors of the three and two-phase systems can be made equal. Ghosh and Bhadra ͓5͔ represented this via transformer elements in the stator section. The two-phase currents were represented in terms of three phases as
cos 0 cos 2/3 cos 4/3 sin 0 sin 2/3 sin 4/3
Under assumptions of a spatially sinusoidal distribution of MMFs, and ignoring magnetic losses and saturation, Ghosh and Bhadra expressed a symmetric induction motor in an orthogonal stationary reference frame with ␣ and ␤ phases fixed on the stator as
Equation ͑2͒ relates stator voltages to stator and rotor currents. In addition, needed is the electro-magnetic motor torque for a P-pole machine, expressed as
This motor torque is balanced against other torques via
Terms on the right side of Eq. ͑4͒ represent rotor inertial torque, shaft/bearing damping torque, and load torque, respectively. In Eqs. ͑2͒-͑4͒, V ␣s and V ␤s are ␣ and ␤ axis stator voltages; i ␣s and i ␤s are ␣ and ␤ axis stator currents; i ␣r and i ␤r are ␣ and ␤ axis rotor currents; R s and R r are stator and rotor resistances; L s , L m , and L r are stator self-inductance, mutual inductance, and rotor self-inductance; T e and T L are electro-magnetic torque and mechanical load torque; J is the moment of inertia of the rotor, c is the viscous resistance coefficient; r and m are electrical and mechanical angular velocities of the rotor; and P is number of pole pairs.
Direct Bond Graph Representation of Dynamic Equations
Ghosh and Bhadra ͓5͔ represented Eqs. ͑1͒-͑4͒ in their bond graph, reproduced in Fig. 2 
In ␣s , ␤s , ␣r , and ␤r are flux linkage of the respective windings. In Fig. 2 , five integral ͑independent͒ causalities exist on inertance energy storage elements, with system state variables ␣s , ␤s , ␣r , ␤r , and h, where h is the rotor angular momentum.
Moving and Adding Bond Graph Elements for Explicit Representation
To represent real system elements or components explicitly, certain bond graph elements should be moved, altered, or added. In Fig. 2 , ␣ and ␤ phase stator resistance elements, R s␣ and R s␤ should be split into three stator coil resistances R sa , R sb , and R sc , to make explicit the resistance of each of the stator coils. This was done without altering the governing equations. The revised bond graph shown in Fig. 3 moved R s␣ and R s␤ back through the transformers in front of the phases. To maintain an equivalence between Fig. 2 and Fig. 3 , related R sa , R sb , and R sc to R s␣ and R s␤ . Since most motors possess symmetry between phases, let R sa ϭR sb ϭR sc ϭR, and R s␣ ϭR s␤ ϭR s . For the bond Fig. 2 were redistributed to each of the stator coils, and modulated GY elements were simplified graphs of Figs. 2 and 3 to be equivalent, the voltages ͑efforts͒ on the 2-port inertances on the stator sides must be equal. The causality in both Figs. 2 and 3 asserts that the voltages to the 2-port inertances arise from the neighboring 1-junctions. Summing voltages from other bonds to these 1-junctions, and equating these respective voltages between Fig. 2 and Fig. 3 gives
By solving for i ␤s /i ␣s , we obtain equations in terms of resistances and transformer moduli
By replacing the transformer moduli, m 1 -m 5 of the three-phase to two-phase transformation with real numbers, m 1 ϭͱ3/2,m 2 ϭm 3 ϭϪͱ6,m 4 ϭͱ2,m 5 ϭϪͱ2, which is given in Eq. ͑1͒, we find that R s ϭR, i.e., R s␣ ϭR s␤ ϭR sa ϭR sb ϭR sc .
Simplified Representation of the Signal and Modulated GY Elements
In terms of the 2-port I field of Eq. ͑5͒, Eq. ͑3͒ can be rewritten as
From this relation, Fig 
Squirrel Cage Rotor
The number of squirrel cage rotor bars depends on the rotor's size, and usually, tens of bars ͑10-30͒ are in a rotor. In this study, we consider the squirrel cage rotor with five bars ͑numbered 1-5͒ depicted in Fig. 4 . Shown also is the rotor magnetic field ͑dashed line͒, with north poles ͑N͒ on top, and south poles ͑S͒ beneath, and bar currents. Currents directed out of plane are denoted by a ''•'', and currents flowing into the plane are denoted by a ''ϫ''. Each end of each rotor bar is attached to a solid end ring. Induced currents flow through each bar, and then into the end rings. With five bars, there exist five different currents in this rotor. At the instant of the rotor position shown in Fig. 4͑a͒ , the sum of the currents in bars 1, 2, and 5-induced by the rotating magnetic field of the stator-must equal the sum of the currents in bars 3 and 4. Likewise, the sum of bar currents 1 and 5 at the position of Fig. 4͑b͒ must equal the sum of bar currents 2, 3, and 4. In Fig. 4 , the thickness of each ϫ and • shows the relative current magnitude in each bar.
To incorporate individual rotor bars into the bond graph, the rotor's ␣ and ␤ phase currents and voltages should be split into separate bar currents and voltages. The a, b, c and ␣, ␤ axes are stationary with respect to the stator, but because the rotor rotates, bar currents must depend on the angular position of the rotor. Using results in Hancock ͓8͔, rotor bar currents can be related to the ␣, ␤ phase currents as
In Eq. ͑10͒, i rk represents the current in the kth rotor bar (k ϭ1,2, . . . n), ␣r and ␤r are rotor currents from Fig. 2 , and magnitude modulus m depends on the total number of bars, n. For nϭ5 bars, we will have currents i r1 to i r5 . Accordingly, rotor bars can be incorporated into the bond graph of Fig. 3 via -modulated transformers. Figure 5 shows the transformation of ␣ and ␤ phase currents into individual rotor bar currents, where the transformer moduli are In Fig. 5 , the battery of 0-junctions on the right-side completes the summation of ␣ and ␤ phase currents demanded by the right side of Eq. ͑10͒. The voltages that sum over the two 1 junctions located between the I fields and the MTF's give rise to
␤r ϩ͑mr 6 ͒ 6 ϩ͑mr 7 ͒ 7 ϩ¯ϩ͑mr 10 ͒ 10 ϭ0
Here the flux linkage 1 , 2 , . . . , 10 associated with rotor bars are located to the right of the MTF's. To obtain the torque contributed by each bar, Eq. ͑10͒ for kϭ1,2, . . . ,5 is rewritten in matrix form as
e., i rotor ϭAi two phase .
(14) The two column vectors of the 5ϫ2 transformation matrix A form an orthogonal set for any value of rotor angle : the rank of A is 2. For the mϫn (mϾn) matrix A having rank n, there exists ͓9͔ an nϫm left-inverse B such that BAϭI n , where I n is the identity matrix of order n. In our model
and the left-inverse of A is A T if m 2 ϭ2/5, i.e., the transformer modulus m has a value which normalizes A T A. For a rotor of n bars, mϭͱ2/n. The proof is shown in the Appendix. From Eqs. ͑14͒ and ͑15͒, the inverse transformation is
If substituted into the rotor output torque equation ͑9͒, the electromagnetic torque becomes
These revisions are shown on the far right side of Fig. 5 , which includes stator and rotor bar interactions based on Eq. ͑17͒. Here the moduli of the kth modulated gyrator is
where nϭ5 for Fig. 5 . Finally, the electric resistances of the rotor were grouped with each rotor bar in a manner similar to that of the stator resistances.
Modifications for the Magnetic Circuit
The bond graph in Fig. 5 models the interaction between stator coils and rotor bars with 2-port I elements-inductances-in the electrical energy domain. An inductance only describes storage of magnetic energy. Neglected are power losses and leakage effects in the magnetic domain, which may be caused by component deterioration. To describe these interactions, we replace all I inductance elements with equivalent combinations of gyrators and C elements, without violating causality. The bond graph representations I:L and GY:n-C: P are equivalent, as are the combinations TF:m-GY:n and GY:n-TF:1/m. Here the gyrator modulus n is the effective number of coil turns; m is the transformer modulus; and P is the permeance of the magnetic circuit element ͓H͔. Using the constitutive law of the C element, M ϭ/P, the two port I elements pertaining to the ␣ and ␤ phases were converted into 2-port C elements that now represent interactions between magnetic flux and magnetomotive force of the stator and rotor. Figure 6 shows the new bond graph with five rotor bars and the GY-C-GY combination that replaced the 2-port I. The gyrators were then moved through the bond graph to new locations more consistent with motor components. The GY to the left of the 2-port C was moved into the electrical section, where it now represents the action and number of turns of the stator coils. The GY leap-frogged the transformers that were based on equation ͑1͒, changing the transformer moduli from m to 1/m. The GY to the right of the 2-port C skipped over a 1-junction, converting that 1-junction into the 0-junction shown in Fig. 6 . Similarly, a 0-and 1-junction to the left of the 2-port C in Fig. 5 were converted to a 1-and 0-junction in Fig. 6 . In the bond graph of Fig. 6 , electrical energy inputs, transformation of energy from electrical domain to magnetic domain, mathematical phase transformations, power interactions between stator and rotor bars in terms of magnetic flux and magneto motive force, and mechanical rotor output are all represented and labeled. In Fig. 6 , the two sets of gyrator moduli n s and n r stand for the effective coil turns which relate electrical and magnetic variables of stator and rotor, respectively.
Deriving State Equations
State equations were derived from the bond graph of Fig. 6 
where the permeances P s ϭL s /n s 2 , P m ϭL m /n s n r , P r ϭL r /n r 2 are expressed in terms of coil turns and inductances of stator and rotor. Here n s is the number of effective stator coil turns, n r the number of effective rotor coil turns, the magnetic flux ͓Wb͔, M the magnetomotive force ͓A͔, P is the Permeance ͓H͔, and h the angular momentum ͓N•m•sϭkg•m 2 /s͔.
Simulation Results
Simulations of a squirrel cage induction motor used the bond graph simulation tool, 20-SIM ͓10͔. For integration of state equations, a Runge-Kutta fourth-order method was adopted. Values of the system parameters for the simulations are presented in Table  1 , some were identical to those used by Ghosh and Bhadra ͓5͔.
Shown in Figs. 7 and 8 are plots of rotor angular velocity and stator currents versus time. Initially, the rotor velocity rises slowly to a steady state value of about 377 rad/s, while the stator currents oscillate at the input frequency with initial large amplitude. After about 1.5 seconds, the motor reaches steady state. Here the stator currents decrease to a steady value, and rotor velocity oscillations vanish. Figure 7 plots the rotor axis angular velocity versus time, for 230 V, 60 Hz three phase AC voltages applied to the stator coils. These inputs applied to a two pole AC motor yields a theoretical steady state angular velocity of 3600 rpm ͑377 rad/s͒. The numerical simulation produced a steady state value very close: the difference was due to the mechanical resistance load. Figure 8 expands the Fig. 7 time scale to show the three stator currents with 120 deg phase difference, during motor start-up. Figures  9-11 show the currents in the five rotor bars and the rotor velocity. Recall there exists a 2/5 phase difference between currents in neighboring bars. This is clearly shown in Fig. 10 , which represents the motor at startup. While the 60 Hz frequency of the stator currents generated a magnetic field rotating at constant speed, the frequency of the currents in the rotor bars decreases continuously as the rotor velocity increases. This is related to ''slip'' in induction motors, the normalized difference between the electrical angular velocity of the air gap MMF established by the stator currents, and the electrical angular velocity of the rotor ͓11͔. Slip is defined as
where s is the synchronous speed, or the speed of the stator currents, and r is the speed of the rotor. The magnitude and frequency of the currents and voltages of the rotor depends on the relative velocity between the rotating magnetic field and the rotor. In these simulations, this relative velocity maximizes at tϭ0, where the slip is unity. As the rotor velocity increases, the relative velocity and the slip decrease, suggesting that the decrease of amplitude and frequency of rotor bar currents in Fig. 9 are probably due to the decrease of slip, also shown in Fig. 9 . If s ϭ r , slip sϭ0 and no current is induced in the rotor bars, hence no torque. However, the steady state currents of the rotor bars in Fig. 9 are not zero, even though there is no external load, because of the frictional load of the bearing, modeled as the resistance R:c in Fig. 6 . If an external load is applied to the motor axis, the slip should increase and therefore the current and voltage in the rotor bars should also increase. Figure 11 shows the currents in the rotor bars during steady state. All simulation results shown above are for a healthy motor. When rotor bars break, currents, velocity, and torque will deviate. Because we have a one-to-one correspondence between bond graph elements and machine components, it is possible to represent broken rotor bars by increasing the rotor bar resistance R r . In modern squirrel cage induction motors, bars and end-rings contact the rotor core. Due to this available current shunt, currents in a broken bar are not zero ͓12͔, and the resistance is not infinity. Figure 12 shows the stator currents and rotor velocity for a rotor with rotor bar 3 broken. During startup, the rotor velocity increases and oscillates. These oscillations persist at steady state. With these deviations, the currents in the stator coils also change. For comparison, a corresponding healthy machine simulation is shown in Fig. 13 . The changes are more clearly presented in Fig. 14. Figure 15 plots the currents in each rotor bar, with bar 3 assumed broken. From Fig. 15 , the induced currents are largest in Figure 16 compares the torque characteristics of the healthy machine and broken bar machine. The rotor torque oscillates in the broken bar machine, even at steady state. During startup, the oscillation of torque is larger in the broken bar machine than the healthy machine.
Simulations of an induction motor with a short circuited stator coil are shown in . In these simulations, the resistance of the shorted coil decreases, and the coil current, the magnetic fields, and the induced currents in the rotor bars also change. Figure 17 shows a difference in rise time of rotor velocity between the healthy machine and the short-circuited stator coil machine. Figure 18 shows the rotor torque for both healthy and shorted machines. The overall trend of the torques are similar, but there exists small amplitude and relatively high frequency oscillations in the short-circuited case. These oscillations are also seen in the rotor bar currents of the short circuited machine. Fig. 19 , compared with the rotor bar currents of the healthy machine, Fig.  11 .
Summary, Discussion, and Conclusions
A bond graph model of a squirrel cage induction motor was constructed that exhibited a one-to-one correspondence between the bond graph elements and real system components. This bond graph was based on a prior bond graph by Ghosh and Bhadra ͓5͔. Included were stator coil windings for three phases, mathematical transformations to incorporate two reaction theory, magnetic state variables to represent magnetic interactions between stator and rotor, individual rotor bars and contributions to the total rotor torque and velocity, and mechanical inertias and resistances. The simulations in this article had five rotor bars.
Using this model, simulations of a healthy machine were compared to simulations of machines with a broken rotor bar and a shorted stator coil. The degraded machine simulations predicted oscillations in currents and angular velocities, seen in real motors.
Most induction motor designs employ three phase excitation of the stator. For a rotor with more bars, the bond graph of Fig. 6 can be easily altered. More rotor bars can be included in Fig. 6 by adding additional pairs of power pathways to the right of the 2-port C's, such that n power pathways fan out from both ␣ and ␤ rotor phases. For the new value of n, these power pathways must update Eqs. ͑11͒ and ͑12͒ for moduli mr k for the modulated transformers MTF:mr k , and Eq. ͑18͒ for the modulus r k of the modulated gyrators MGY:r k . To update the electromechanical torque in Eq. ͑17͒, we must replace the 5 in the upper index of the sum and the square root argument in the denominator with the new value of n. •s͔ i ␣s ,i ␤s ϭ ␣ and ␤ axis stator currents i ␣r ,i ␤r ϭ ␣ and ␤ axis rotor currents i rk ϭ current in the kth rotor bar J ϭ moment of inertia L s ,L m ,L r ϭ stator self inductance, mutual inductance, and rotor self-inductance m ϭ magnitude modulus that depends on the total number of bars M ϭ magneto motive force ͓ampere ͑A͔͒ m 1 -m 5 ϭ moduli of transformers for three-phase to two-phase transformation n ϭ modulus of gyrator ͑number of coil turns͒ n s ϭ number of effective stator coil turn n r ϭ number of effective rotor coil turn P ϭ number of pole pairs R s ,R r ϭ stator and rotor resistances R s␣ ,R s␤ ,R sa , R sb ,R sc ,R ϭ electrical resistances T e ,T L ϭ electro-magnetic torque and mechanical load torque V a ,V b ,V b ϭ sinusoidal input voltages V ␣s ,V ␤s ϭ ␣ and ␤ axis stator voltages ϭ magnetic flux ͓Weber ͑Wb͔͒ ϭ flux linkage r , m ϭ electrical and mechanical angular velocities of the rotor P ϭ permeance of circuit element ͓Henry ͑H͔͒
Appendix
In this section, for a rotor with n bars, we prove 
